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Flowchart: \/\ Theorem;
Conjecture

Axioms

Definitions (Statements) C@ 1o

N
dvot-

Conjecture / Proposition:
A mathematical statement that we do not yet know is true/false.

Definitions:
a statement of notation or terminology that we agree upon.
(e.g. "positive integers" are numbers 1,2,3,4........ inf.)
Axioms:

a statement in mathematics we accept to be true but we can't prove it. (a statement taken to be true)
(e.g. Axiom of equality) x = x, for all x.

Theorem: conjecture which has been proved.
(e.g. an odd integer x odd integer = odd integer)

Lemma: a smaller (less important) theorem {a stepping stone}

Corollary: Less important theorem that is proved as a direct result from the Theorem.
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Horizontal Line Test
Let f: A->B be a function
With graph G(f)\inAx B

Let L(b) be a horizontal line alongy =b \in B
Thatis, L(b) = {(x,b) | x \in A}

1.) If fis injective \iff \forall b \in B. G(f) \cap L(b) has at most one point.

o T

Qn(plr on €. — Yo - ome (m‘ed@
Yoo pps @ -\

2.) if fis surjective \iff \for b \in B G(f) \cap L(b) has at least one point

3.) fis bijective \iff \forall b \in B G(f) \cap \L(b) has only one point.
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Let f:A = B be a function
With graph G(f) C AxBand L(b) == {(x,a)|x € A}for b € B
A) f is injective < G(f) N L(b)has < element Vb € B

recall: defintion of a graph G(f) = {(x, f(x))|x € 4}

Ai) Assume f is injective.That is (Vay,a, € A f(a;) = f(a;) \implies a; = a;)
Let (al,b), (az,b) € G(f) N L(b).\\l want to show that a; = a,
By intersection definition (ay, b), (a5, b) € G(f)
b= f(a1) = f(a)
Because the function is injective a, = a,
Aii) Assume G(f) N L(b) has < 1
Take ay,a, € As.t.f(ay) = f(ay) [ want to show that a; = a,]
Then (a1, 7), (a2,¥) € G(f) N L(¥)
Therefore (ay,y) = (ay,y) implies a; = a,
n
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A function f > Lasx - a,if Ve > 0,we can finda § > 0,s5.t.Vx,0< [x —a| < § == \f(x) —L| <e
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Def™: A function f = L as x = a from above if Ve > 0,we can finda § > 0,5.t.Vx0<x—a<§ == |f(x)—L| <e€

Def":AfunctionfﬁLasxaafrombelowifVe>0,Wecanfinda6>0,s.t.\1x0<a—x<6:$|f(x)—L|< € . - al/ﬂ
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Def™:

f >oasx > o
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Th™:
: A function f cannot approach two limits.
Iflimitx > af(x) =L &limitx s af(x)=L,=>L =1L,
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MATH 421 ST-2023: Problem Sheet 4 February 20, 2023

Math 421: Problem Sheet 4
Deadline: Feb. 24th at 11:59pm

Solutions to this problem sheet must be typed up in BTEX and uploaded to Canvas as PDFs,
Some BTEX resources can be found here, Please contact the instructor (Dr Thomas Chandler,
tgchandlertwisc.edu) via Canvas or email, if there are any problems uploading the solutions.

(ohor"

1. Graph plots (8 points|

(a)

—~
9 \—2
(2 A\ @
For each graph, answer the following questiony (ne proof is needed):
(i) What is the domain of f? P ' 2 (ii) What is the image of f?
. =(O
(iii) Is f injective? o (iv) Is f .\Ill M t
N wo b, Yot G W&
onl [12 points|

2. Graph mmnpulatl 1

Let f and g be functions and ¢ € R. Describe the ),,lc\ph of ¢ in terms of the graph of f

in the following cases: N Shker
s 8

A
@ o) = o) +e 1

b

D it tle fomen

C—\"‘/B\S @3 1’2_l

%

(b) g(x) = f(z+c) %Cw\ T S Gt w\“"?‘

)
\b,\(k‘\;{/\ﬁa(l cf(z) %)‘\‘%Sﬁ 1) () g(x) = flez) 0%(%\ SN Grekelerl \pv} ¢

() g(z) = f(lz)) §EA W%&‘»«%

Note that it may be important to distinguish between ¢ > 0, ¢ = 0, and ¢ < 0. A

(f) glx) = f(z)l

3. Graph—function equivalence [15 points|
Let f: A= Band g: A — B be functions. The graph of f is defined as the set of
ordered pairs

G(f)={(z.f(z)):x€ A} C Ax B.
Show that f and g are equal (i.e. f(x) = g(x) Vo € A) if and only if G(f) and G(g) are
equivalent (i.e. (x,y) € G(f) < (zr.y) € G(g)).

4. Parabola [15 points]

Let L denote the graph of t

and P denote the point (a.3) € R? not on the line (i.e. 3 # 4). Show that the set of
all puiu!& (x.y) € R?, which are equidistance from L and P is the graph of the function
f(x) = ax? + br 4+ ¢. What happens if § =47

foke ) oquidet  Aotence L A P
m /1 ﬂ’s%a to Pont P

AT
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MATH 421 ST-2023: Problem Sheet 4 ‘ebruary 20, 2023

Math 421: Problem Sheet 4
Deadline: Feb. 24th at 11:59pm

Solutions to this problem sheet must be typed up in BTEX and uploaded to Canvas as PDFs.
Some BTEX resources can be found here. Please contact the instructor (Dr Thomas Chandler,
tgchandleritwisc.edu) via Canvas or email, if there are any problems uploading the solutions.

1. Graph plots (8 points|
Consider the following graphs of a function f: D — [—2,4], where D C [-2,2]:

(a) — | 0} g
2 2 §
0] .:/o 0
R —— |
2

For each graph, answer the following questions (ne proof is needed):
(i) What is the domain of f7 (i) What is the image of f7

(iii) Is f injective? (iv) Is f surjective?

2. Graph manipulation [12 points]
Let f and ¢ be functions and ¢ € . Describe the graph of ¢ in terms of the graph of f
in the following cases:

(a) g(z) = f(x) +c
(c) glz) =cf(x)
(e) glx) = f(|z])

(b) g(x) = f(x+c)

(d) g(x) = flex)

(f) g(z) =|f(x)|

Note that it may be important to distinguish between ¢ > (), ¢ = (0, and ¢ < (.

3. Graph—function equivalence [15 points|
Let f: A— Bandg: A — B be functions. The graph of f is defined as the set of
ordered pairs

G(f) ={(z. f(z)) : 2 € A} C Ax B.
Show that f and g are equal (ie, f Vo e .~l)hf and only if G(f) and G(g) are
equivalent (i.e. (x.y) € G(f) <:¢-\ T G(g)).

4. Parabola [15 points|

Let L denote the graph of the constant function g(x) = v € R (i.e. a horizontal line)
and P denote the point (o, 3) € B? not on the line (i.e. 3 # 7). Show that the set of
all points, (z,y) € B?, which are equidistance from L and P is the graph of the function
f(x) = az® + br + ¢. What happens if 3 = 47

1
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:C)(x') A6

AN S

/

/
NS,

Def™:

A function is continuous at a if

i ¥(A=-§ ()

20

¥ ¢yo,355p
Sk vy

Ix -4\ = [$0)~5w| & &

A function is discontinuous at a if not continuous

Oty =060y i

@ Ly ot Aefined

@ ln Say=lm =5 .;i

Thmy | If f and g are continuous @ a then,

1.f + g is continuous at a
2.f - g is continuous at a
3.1f g(a) # 0, then 1]/ g(a)is continuous @ a

1)

b Mo Sea=( gt 5 40 =M
© (e = LHm
@ [ (5-9) (0= (em

1 A
@K‘Q’; 6 =30 A0

Math 421 Page 38

Rrooh

%&% gne. Llominon &b a
by 2 b Lo £
B, §6)= 4
By Td e, vt

@ Q\:\o\ (Jr’f?(\(x):%m +?{(a) = (?wy‘)@
(D0, (59D = e 36 =EPR
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G ™ (36 =38 4050
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(3T gaxo e ()6 = g

eo T by ddn 1S @ntiae

S""} by debn < Cond Muooy
K b Db tonbin

Thm: |Ifgis continuous @ 1andfiscon tinuous @ g(a)
1.f o g is continuous @
" readt
T

,@\, Sevt & 0 geob
o I, (5o Gy = L

BY asumplon [ Jet? 4, lmtluity

Ol §6N =4

) ma(CX) 6D

TR (40@(_,3 $(36) G“%C‘“ﬁ

@1. def” 4 lonl., We have {—oo) ¥ Coni.

Recant I xoa

X 55 Conde oo
Fb’jﬂomiaﬂ P(;q =0nwX + ... t a4, N Contirous X et

V) o~ . !
S‘C XUEXX S ot & L?Tw

U N £ S A by Th-
h>(\ o Cordnves At N 19"3 TR

@ a
4) X"y ok a, S oot

- \<§ = \cc) <&

| Def. | A function f is continuous on (a.Mdomain if continuousat Vx
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Def™: | A function f is continuous on (a, b)domain if continuousat Vx

€ (a,b)... /_/D
i X y= x 3]
i FON=Lly Vo (40 L:jf

Def™: | A function f is continuous on [a, b] interval if:

1.f is continous on (a, b)

U=y R o -Fe)

-.FoL}mWMW (ante O R

¢ Sm( \60564\ o~ I

o tenk) v Gt On (—%H\W,T{w\% v né
¢ VA (et (o)

X, N 70
. -

0\0(\ pDVWW"
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Friday, March 3, 2023 9:53 AM

Pf‘cuem S\\eejv Y hve

Def™

1.) f is continuous a a € A if

bir Len=Geay

Ve > 0,36 >0s.t.,Vx,|x —a| < § = |f(x)—f(a)|

2.) f is continous an (a, b)if continous at all x € (a, b)
3.) f is continuous on [a, blif continous on (a, b)&

b fo =5

Th™ Th™

Let f and g be continuous at a
Then. .. Then. ..

1.) f + g is continous at a f o g is contious at a

2.) f - g is continous at a

3.)5 is continous if g(a) # 0

mext

Let f be continous at g(a)and g continous at a

Poof Lot %Ca\po Al S ebCa
BP0 A o ey, 35 stw

|x-al <o = [$60) '%Ca\\éi
3 ¢ <oy Loyig

Jeay- {6
o < JSCX} L 1%60»\

{easy — QCCX\>5

d’\@ﬁf@ ¢ = &@)

gﬂ/\ e
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Let f be continous at a and f(a) > 0 N
Then...
f(x) > 0 Vx in some interval containing a
\

2050  SL A6 (S @atumssus

¥ St Vx4 \ b



i 0 x & Ok
%@\ \

N
i i o

Ny b [rove 3(\’\‘* doo (avy (‘%J‘@\\\

aWl . YQ\%@\7®

4 ~fey "{v If true, then f is continuous at all a not in rational
I% numbers, that is discontinuous at all a in rational
numbers

Lot be suck dhat o <€ prook

we need to show Ve > 0,we can finda§ > 0
$or ot x s So0s €

Stlx—al<8=|f(x)|<e
0 SL o1y L nr b f@@mﬁ%} % 1o
ve Si= LN bt oo 3 55 ¢ j Jan

RISl

There is a closest element inSytoai.e.x = Sq <n

= § = Minla —x|,x € S,
By def™ of S,,Vxs.t.0 < |x —a| < Min|la —x|,x € S,

:|f(x)|<;< €
L
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X ké&\
Sen =

A real number is a set @, of rational numbers, with the following four proper-
Lies:

(1) If x is in @ and y is a rational Aumber with y < x, then ¥ is also in @,
(2) w# 0@
Ha#Q

4) There is no greatest element in «; in other words, if’ x is in @, then there
is some y in e with y > x.

The set of all Feal numbers is denoted by R.

Dey: § oo

¥ e
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In this example we

see y= 1/x which is a func

tion but it is not continuous, so there is no f(x) = 0.
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To prove the intermediate value theorem (IVT) we need a lemma

Lemma - Suppose f is continuous at a
Then
iff(a) >0, (f(a) < 0)
Then
I5s.t.x€R|x—al< = f(x) >0 (f(x) <0)

IVT - if f is continuous on [a,b] and f(a) < 0 <f(b) then there exists ¢ € (a,b) s.t.f(c) =0
Proof

Construct a bounded & non empty set ( then use P13)
Au={x€[abl:f(y) <0VyE€ [ax]}
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Def™
Let a < b. A partition of [a,blis a finite set of Points P = {to,ty, ..., t} such that:
a=ty<t;<..<t,=b

%r
g

\ {

1 L L
[ ) { d ¢ o \
o
Def™: 0\ ’L\ a" . Ia,[\—\ 'b
_9); \\ \\
Let f:[a,b] > R be a bounded function and P = {t, ty, ..., t,} be a partition of [a,b]. L
We define.. . }go s

1.) Lower Rieman sum:
n

L(f,P) = Z m;(t; — toqy)

i=0
2.) Upper Rieman sum:
n

V)= DM ti) foen A Qariiion
< = LEP) =UER)

my = Inf{f(x):iti_; <x <t}
M; = Sup{f(x): t;_q < x < t;}

bmm: Y PEC g partthnd 4 [04]
SLPs QU ad §it boudd  em [2,4]

tho
FEP <1 ()
L(CP > g, &)
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Wednesday, April 26, 2023

Wednesday, April 26, 2023 10:09 AM

1.)L(f,P) < U(f,P)
2)L(f,P) < L(f,Q)whenP € Q
3.)U(f,P) = U(f,Q)when P S Q

Theorem,
Let Pyand P,be paritiions of [a, bland f bounded on [a, b]Then.

L(f,P) < U(f,P,)
L(f,P,) < U(f,Py)

Proof
Let P=P,UP, thenP, €S P, € P
~L(f,P) <L(f,P)<U(f,P) <U(f,P,)

(2) (1) (3)

Corollary: If f is bounded on [a,b] then
Sup{L(f, P): P is a partition of [a,b]} < Inf{U(f,P): P is a parition of [a,b]}

Sup (L(f,P)) < Inf (U(f,P))

Definition:
Let f:[a,b]lbe a bounded function
f is integrable on [a, b]is:

a = sup (L(f,P)) = Inf{U(f,P)}
In this case the integral of f on [a, blis

fir-

Properties:
For all parititions P of [a, b]

1)L(f,P) < [ f < U(f,P)

2.) f;f is unique (if it exists)

Theorem: If f is bounded on [a, b]then f is integrable on [a, blif and only if Ve >
0 there exists a partion P of [a,b]such that U(f,P) — L(f,P) <e

Example
Prove that fabc cdx=c-(b—a)
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Consider f(x) = x for x € [a, b]

Is f(x)integrable on [a, b]? it is bounded as a < f(x) < b,and non empty
What is ff f=?

Proof
Lete >0and.P := {O, tita, e b1, b} be a partition
Aim: find {t, t,, ... t,_1} such that U(f, P) — L(f,P) <e€
n n

U(f,P)—L(f.P) = Z(Mi)(ti —tiq) — Z(mi)(ti —tiq) = Z(Mi —my)(t; — ti-1)

For f(x) = x
m; = Inf{x: tn—l <x< ti} = ti—l
M; = Sup{x:t,_1 <x <t} =t

u(f,P) - L(f,P) = i(ti —ti1) <e=(t1—to) +(tz—t) + ... 4(ty — tnr)”

ol : b.
Then Lets assume that parition is uniform for example t; = ! then

S p2 p2

U(f,P) = L(f.P) = z;g =—<e
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